Abstract-This paper deals with the analysis of the time-discretization of the super-twisting algorithm, with an implicit Euler method. It is shown that the discretized system is well-posed (in the sense that the control input is uniquely computable from known data and measured variable). The existence of a Lyapunov function with convex level sets is proved for the continuous-time closedloop system. Then the global asymptotic Lyapunov stability of the unperturbed discrete-time closed-loop system is proved. The convergence to the origin in a finite number of steps is proved also in the unperturbed case. Numerical simulations demonstrate the superiority of the implicit method with respect to an explicit discretization with significant chattering reduction.
I. INTRODUCTION
The sliding mode algorithms found their place in the theory and practice of control and estimation [8] . Among them, the super-twisting algorithm is one of the most popular higher-order sliding mode tools [20] .
The time discretization of set-valued sliding-mode control (SMC), has been recognized as a major issue as it leads to input and ouput chattering (so-called digital or numerical chattering) in the case of an explicit discretization [9] , [10] , [11] . A possible solution consists in using a state-dependent discretization step [6] . Another method has been introduced in [1] , [2] , [3] , [12] , see also [15] , [4] , [24] for a similar approach. It is based on an implicit discretization of the continuous-time system. It has been shown theoretically and experimentally that this method provides a significant chattering alleviation [23] , [13] , [12] , [14] . The implicit discretization applies to various systems and controllers: first-order SMC for linear time-invariant systems with matching disturbances [1] , [2] , [12] or parameter uncertainties [19] andrey.polyakov(denis.efimov)@inria.fr Lagrangian systems with matching disturbances and parameter uncertainties [18] , twisting algorithm [2] , [13] . Another very interesting feature of the implicit discretization is that it yields global Lyapunov finitetime stability [12] , [5] , [7] , contrarily to the explicit method which guarantees local stability only [7] , [17] which may be quite problematic in applications, in addition to digital chattering.
The aim of this note is to present an analysis of the implicit discretization of the super-twisting algorithm using the Lyapunov function approach. It is organised as follows: section II introduces the super-twisting scheme, and shows the existence of a strict Lyapunov function with convex level sets; section III proposes an implicit discretization of the continuous-time scheme, and shows its well-posedness (non-anticipativity, existence and uniqueness of the controller); section IV is dedicated to the stability analysis of the discretetime closed-loop system; the results of simulation are presented in section V; conclusions end the paper in section VI. a) Notations and definitions: The set-valued sign function is defined as
Let K ⊆ IR n be a closed non empty convex set. Its normal cone at x ∈ K is defined as
In particular
It follows from Convex Analysis that N [−1,1] (s) is the inverse of the sign set-valued function, that is:
for all reals x and y. Let G : IR n ⇒ IR m be a set-valued mapping, and f : IR n → IR m be a single-valued mapping. Then
is a generalized equation.
II. THE SUPER-TWISTING ALGORITHM
A. The control algorithm
The closed-loop system we are dealing with is given as [16] , [21] , [20] :
(1)
It stems from the application of the super-twisting controller given by:
applied to the planṫ
with the definition of the (unmeasurable) state x 2 ∆ = ν+ϕ, and sup t 0 |∆(t)| L for some known constant L. Notice that in the undisturbed case ϕ(t) ≡ 0 one has x 2 (t) = ν(t) for all t 0.
B. Global asymptotic Lyapunov stability
The finite-time stability of the closed-loop system (1) has been analysed in [21] , [20] , [22] , where different Lyapunov functions have been exhibited. A crucial property to transport the Lyapunov stability properties from the continuous-time system to the discretized system, is that the (continuous-time) Lyapunov function has convex level sets. It is not obvious that the Lyapunov functions proposed in [21] , [20] , [22] satisfy such a property (though some numerical calculations suggest that this could be the case). We therefore state the following result:
16 − L then the system (1) admits a strict Lyapunov function with ellipsoidal level sets.
Lemma 1 is proven under very particular selections of parameters λ 1 , λ 2 and L. Extension of this lemma to a more general case is possible, but it goes out of scope of this paper.
III. THE SUPER-TWISTING ALGORITHM IMPLICIT

DISCRETIZATION
The controller is discretized as follows:
where t k+1 − t k = h > 0 is the time-step (or sampling period), and we denote f (t k ) = f k . The variablẽ x 1,k+1 is an intermediate variable used to calculate the input, because x 1,k+1 is not available due to the unknown disturbance. It will be defined precisely later. The input in (4) is the control to be applied at t = t k and on the whole time interval [t k , t k+1 ). The plant discretized model is chosen as:
and we letx
so thatx 1,k is a dummy variable which can be interpreted as the state of the unperturbed plant andx 1,k+1 is available at t = t k as shown next. The discretetime system in (5) is not an exact discretization due to the terms ϕ k and ∆ k . It could be replaced by its ZOH counterpart as done in [12, Section V.B] to get a better approximation. Inserting (4) into (6) we obtain:
which is the unperturbed "virtual" closed-loop system. We rewrite (7) equivalently as:
Let us recall that sgn(0) = [−1, 1] so that indeed the right-hand side of (8) is set-valued and (8) is a generalized equation with unknownx 1,k+1 . Let us introduce the variable (a selection) ξ k+1 ∈ sgn(x 1,k+1 ). Then we have the following result which states how the control input in (4) can be computed at t = t k : Proposition 1: The controller u k to be calculated at t = t k and to be applied on [t k , t k+1 ) is given as follows:
where ξ k+1 is the solution of the generalized equation
x 1,k+1 is the solution of the generalized equation
and the functions f (·) and g(·) are defined as:
Remark 1: The controller u k in (9) is nonanticipative since both ξ k+1 andx 1,k+1 are functions of known quantities at t = t k : h, λ 1 , λ 2 , ν k and x 1,k , being solutions of the generalized equations (10) and (11) .
Remark 2: A preliminary analysis of the velocity observer of the super-twisting observer, is done in [2, equations (53) (58) and (60)]. However the discretization proposed therein, corresponds to choosing u k = −λ 1 |x 1,k | ξ k+1 +ν k+1 instead of the u k in (9). The generalized equation needed to compute the controller is certainly simpler in this case. Whether or not such a mixed explicit/implicit choice yields asymptotic or finite-time stability is unclear. The stability results which are stated in section IV rely on Lemma 5 which itself relies on a fully implicit scheme. The following holds:
Lemma 2: The generalized equations in (10) and (11) have a unique solution for any data h, λ 1 , λ 2 , ν k and x 1,k . Using (9) we therefore deduce that: [24] .
IV. ANALYSIS OF THE DISCRETE-TIME CLOSED-LOOP SYSTEM
In the previous section we have proved that the applied controller allows to generate a sequence of statesx 1,k . Notice that in the absence of perturbation we havex 1,k = x 1,k for all k 0.
Definition 1: The discrete-time sliding surface is defined as
Let us characterize the fixed points of the unperturbed closed-loop system which is obtained from (7), setting
Lemma 3: Let ϕ k = 0 for all k. The unique fixed point of the unperturbed (or virtual) closed-loop system (7) is (x 1 , ν ) = (0, 0).
Let us now analyse what happens on Σ d , in the presence of a perturbation.
Lemma 4: Assume that the discrete-time state belongs to
Ifx 1,k+2 = 0 and ν k+1 = 0 then x 1,k+1 will also satisfy
]. An important point is that Lemma 4 says nothing neither about the invariance of Σ d nor about its asymptotic or finite-time reachability: it just says that in case the system would remain in Σ d , then the plant's state would be affected by the perturbation with an attenuation h. The results in [7] are not applicable to the super-twisting algorithm, which does not belong to the class of systems analysed in that article. They also require the knowledge of a Lyapunov function for (1), whose level sets are convex, thus Lemma 1 is used. We now state the following result:
Lemma 5: Let F : IR n ⇒ IR n be an upper semicontinuous map such that F (x) is nonempty convex and compact for any x ∈ IR n . Let the differential inclusionẋ ∈ F (x)
have the unique globally asymptotically stable equilibrium x = 0. If its strict Lyapunov function V ∈ C(IR n , [0, +∞)) ∩ C 1 (IR n \{0}, (0, +∞)) has convex level sets then any sequence {x k } +∞ i=0 generated by the inclusion 0 ∈ x k+1 −x k −hF (x k+1 ) converges to zero as k → +∞.
Corollary 1: Suppose that the perturbation ∆(t) ≡ 0, λ 1 > 0 and 0 < λ 2 < λ 2 1
16 . The origin of the discretetime closed-loop system (7), is globally asymptotically stable.
We have not yet proved thatx 1,k attains the origin in a finite number of steps, even in the unperturbed case. For the moment only asymptotic convergence holds. In [2] , [3] , [12] it has been possible to prove that the statex 1,k of the unperturbed virtual system, converges to zero in a finite number of steps, even in the presence of a disturbance. This was done either by direct calculations, or from a suitable Lyapunov function analysis. In our case the closed-loop system with perturbation is given by:
It is not clear how to prove thatx 1,k reaches zero in a finite number of steps when ϕ k = 0 for all k 0. The so-called equivalent controller is obtained from (14) by setting x 1,k+1 = x 1,k = 0 and ν k+1 = ν k . It gives u eq k = −ϕ k , which means that the equivalent controller compensates for the disturbance with a one-step delay. However it is not implementable since ϕ k is unknown. Nevertheless we can now state the following:
Corollary 2: Assume that ∆(t) ≡ 0. The sliding surface Σ d is attained in a finite number of steps and is invariant. It is noteworthy that (in the absence of perturbation) the discrete-time system not only attains Σ d in a finite number of steps, but then stays on it with zero input and zero oscillations (suppression of the digital chattering). This is coherent with the results in [1] , [2] , [12] , [14] .
V. SIMULATIONS
Select the following parameters:
which satisfy all needed restrictions. For the initial conditions x 1 (0) = ν(0) = 10 let us compare the explicit discretization Euler method and the implicit one proposed in this note. First, let ∆(t) = ϕ(0) = 0, then the behavior of the norm e k = x 2 1,k + ν 2 k for both methods (solid red line corresponds to the explicit Euler method, and dash blue line represents the implicit one) is shown in Fig. 1 in a logarithmic scale. The same plots for ∆(t) = 0.25λ 2 (1 + sin(t)) and ϕ(0) = 0 are given in Fig. 2 . The demonstrated results of simulation confirm the theoretical results of the paper. It also shows that the implicit method allows to suppress chattering, while the explicit one creates significant digital chattering, as expected. 
VI. CONCLUSIONS
In this article the properties of the timediscretization of the super-twisting algorithm are analysed. An implicit Euler scheme is used to define the discrete-time system. First it is shown that the continuous-time super-twisting controller, yields a closed-loop system which admits a strict Lyapunov function whose level sets are convex. Then it is proved that the discrete-time controller can be uniquely computed from available data, as the solution of two generalized equations. Finally it is shown that the existence of a Lyapunov function for the continuous-time closedloop system, with convex level sets, implies the global asymptotic stablity of the discrete-time closed-loop system. Convergence to the origin in a finite number of steps is proved in the unperturbed case.
